We study the effect of superfluidity on the tidal response of a neutron star in a general relativistic framework. In this work, we take a dual layer approach where the superfluid matter is confined in the core of the star. Then, the superfluid core is encapsulated with an envelop of ordinary matter fluid which acts effectively as the low density crustal region of the star. In the core, the matter content is described by a two-fluid model where only the neutrons are taken as superfluid and the other fluid consists of protons and electrons making it charge neutral. We calculate the values of various tidal love numbers of a neutron star and discuss how they are affected due to the presence of entrainment between the two fluids in the core. We also emphasize that more than one tidal parameter is necessary to probe superfluidity with gravitational wave from the binary inspiral. * skdatta@iucaa.in † char@fe.infn.it
I. INTRODUCTION
The observation of gravitational wave (GW) from the binary neutron star (BNS) merger event GW170817 has allowed us to study the physics of the extreme environment of highly dense matter at strong gravity [1, 2] . During the orbital evolution, the tidal interaction between the stars of the binary deforms both of them. These deformations can be measured in terms of the relativistic tidal Love numbers of the stars [3] [4] [5] [6] [7] . Precise measurements of these parameters from the GW signal during the inspiral phase can be extremely useful to study the nature and the equation of state (EOS) of the supranuclear matter inside a neutron star (NS) [8] [9] [10] . This is why a huge effort has been made to understand the modification of waveforms due to the tidal Love numbers and their measurability and distinguishability of different EOSs [11] [12] [13] [14] [15] [16] [17] . Moreover, one can also infer on the fluid nature of those objects.
As these stars are supposedly very old, their core temperature should be below the critical transition temperature for the BCS-like pair formation [18] . Therefore, one can expect superfluid (SF) neutron and superconducting protons to form at the core of the star and superfluid neutron in the inner crust [19, 20] . Pulsar glitches and the rapid cooling of the NS in Cassiopeia A are the examples which are explicable invoking superfluid matter inside NS [21] [22] [23] [24] . These changes in the fluid nature of the star from a single-fluid to a multifluid object can influence its deformability in a non-trivial way [25] . Recently, we have investigated the role of superfluidity for the ℓ = 2 electric-type tidal Love number k 2 and the corresponding tidal deformability Λ k 2 [25] , (hereafter, paper I). In this work we have modeled the star as a non-rotating sphere of superfluid nuclear matter. We had adopted the two-fluid model where one fluid is the neutron superfluid and the other is the normal charge-neutral fluid comprising protons and electrons [26] [27] [28] [29] [30] [31] [32] . We found that the inclusion of superfluidity manifests significant change in Λ k 2 compared to the non-superfluid case.
However, a neutron star is also a multi-layered object i.e. the phases of matter differs significantly from the crust to the core. As it has been known that the property of low density nuclear matter are correlated directly with the radius, one has to take into account a proper crust model in the calculation. To do so, we follow the method described in Ref. [33] , where the properties of the superfluid region inside the core is appropriately matched to the normal fluid envelop encapsulating the core. Therefore, the superfluid neutrons are confined in the core where as the envelop acts as the low density region of the star. Although, we do not consider the elasticity of the crustal region in our formalism, this dual-layer core-envelop approach can approximate the structure of the star with a crust. Since crustal elasticity does not bring considerable change in the Love numbers it is unnecessary to include it in here [34] . We also study the junction conditions for the perturbed quantities of interest in detail.
At this point, it is important to note that when we speak of the deviation of Λ k 2 due to the superfluid nature, we bring an ambiguity in our interpretation of the observed Λ k 2 .
Value of Λ k 2 in two-fluid calculation for a particular EOS model can be similar to the value in a single-fluid calculation for another EOS. So, we can not distinguish between the EOS and also probe the fluid nature of matter at the same time with the measurement of Λ k 2 .
One possible way to break the degeneracy is to have measurements of other Love numbers which have much smaller effects on the waveform. This gives us a primary motivation to study higher order electric-type Love numbers and magnetic-type Love numbers in case of a superfluid star.
The paper is organized as follows. In Sec. II, we first discuss the two-fluid formalism followed by the calculation of the equilibrium structure along with a brief overview the RMF model of dense matter to calculate the assorted matter coefficients of the model. Next, in Sec. III and IV, we derive the framework for even and odd parity tidal perturbation in the two-fluid model respectively. In Sec. V we discuss how the tidal Love numbers are calculated. Then, in Sec. VI we discuss our results. We assume c = G = 1 and use the metric signature (−, +, +, +) throughout the article.
II. GENERAL RELATIVISTIC SUPERFLUID NEUTRON STAR
The main ingredients of the superfluid formalism has been developed and discussed in several works [26-32, 35, 36] . To incorporate SF matter inside NS we follow a two-fluid model with entrainment. The central quantity of this formalism is the master function, Λ. It depends on three scalars, n 2 = −n µ n µ , p 2 = −p µ p µ , and x 2 = −n µ p µ . Where n µ and p µ are the number density current of the neutron and proton, respectively. When the fluids are co-moving, −Λ(n 2 , p 2 , x 2 ) represents the total thermodynamic energy density. The energy-momentum tensor takes the following form,
where, Ψ is the generalized pressure, and it can be expressed as,
where, χ ν and µ ν are respectively the chemical potential co-vectors of the proton and the neutron fluids.
where the A, B and C coefficients are defined as follows,
The expressions for µ µ and χ µ in Eq. 3 make the entrainment effect vivid. Momentum of the one component carries along some of the mass current of the other component when A = 0. Thus, if A = 0 the master function becomes "entrainment-free" , implying that it is independent of x 2 . The conservation equations for n µ and p µ implies,
They also satisfy a set of Euler type equations [36] ,
where, the square braces represent the antisymmetrization of the closed indices.
A. Equation of state of nuclear matter
We have calculated the master function (Λ) using a σ-ω-ρ model with self-interaction in the RMF approximation [37] [38] [39] [40] . The Lagrangian of the theory is as follows,
here, m B is the baryon mass. We use the nucleon mass m as the average of the baryon masses.
The Dirac effective mass m * has been defined as m * = m − g σ σ. The σ, ω and ρ mesons represent the scalar, vector and vector-isovector interactions respectively. The τ B is the isospin operator. The Ω µν , P µν are the field tensors for ω and ρ mesons respectively. For the two-fluid system, we choose a frame in such a way that neutrons have zero spatial momentum and the proton momentum have a boost along the z-direction as k µ p = (k 0 , 0, 0, K). We follow the procedure as described in Ref. [39, 40] to solve the meson field equations and numerically evaluate the master function Λ, generalized pressure Ψ etc. in the limit K → 0.
We consider a normal fluid envelope around the superfluid core of the star to account for the behavior of the low density region of a NS. We assume this region to be free of superfluid neutrons. This assumption does not affect the macroscopic structure of the star. To describe the matter in this region, we employ the EOS for the inner crust calculated by Grill et al. [41] . We join the EOS smoothly by keeping the pressure continuous from two-fluid region to the envelope. We also use the DH EOS [42] for the outer part of the envelope.
B. Equilibrium configuration
We take the background metric of the star to be static and spherically symmetric. Under such assumptions, the metric can be written in the Schwarzschild form as follows,
This metric structure is valid both in the core and the envelope. Only the energymomentum tensor changes from one region to another.
Superfluid core
In the core the energy momentum tensor will take that of an SF matter, as has been described in Eq. (13) . The two metric functions can then be evaluated from the Einstein's equations as follows,
By the following equations the radial profiles for n(r) and p(r) are determined, [36] ,
where,
The two Fermi wave numbers k n and k p are the variables that are more appropriate for the RMF calculations. Thus, we substitute the number densities with the Fermi wave numbers
3π 2 , and solve for k n and k p instead. We determine the Dirac effective mass m * | 0 (k n , k p ) using the method discussed in [37] . The transcendental algebraic relation in Eq. B5 is turned into a differential equation using,
where k ′ n and k ′ p are calculated from Eq. 10. The prime in the equations represents a radial derivative and a zero subscript represents that K → 0 has been taken after the partial derivatives are calculated. We put the boundary condition at the center and the surface of the star. Non-singularity condition at center imposes κ(0) = 0 and κ ′ (0) and ν ′ (0) vanishes. Together with Eq. 10 this condition imposes k
Necessary expressions for all the matter quantities used in our calculations
can be found in the Appendix B.
Normal fluid envelope
In the envelope the matter is modeled as one component normal fluid (NF). Therefore the energy momentum tensor can be written as,
where ρ and p are the energy density and the pressure of the fluid in the envelope. And u µ is the four velocity of the fluid.
Using this form of energy-momentum tensor equation for the two metric functions can be evaluated from the Einstein's equations as follows,
The continuity of the metric variables at the junction of the SF core and the normal fluid envelope has been discussed in the appendix A 1. Surface of the star r = R implies that the total mass of the star is,
and Ψ| 0 (R c ) = p(R c ) and p(R) = 0. Where R c is the junction between SF core and NF envelope.
III. EVEN PARITY PERTURBATION EQUATIONS FOR ZERO FREQUENCY

MODE
To calculate the electric type tidal Love no., perturbation of the static and spherically symmetric background needs to be calculated. for this purpose we decompose the metric as [43] ,
where, g
αβ and δg αβ are the background and the perturbed part of the metric respectively. We decompose the metric and the fluid perturbation on the basis of spherical harmonics Y m l (θ, φ). Due to the spherical symmetry of the background we take m = 0 without breaking any generality [44] . Therefore the basis is the Legendre polynomials P l (θ).
It is well known that the perturbation can be decomposed into two kind of classes according to their behaviour under parity transformation. In this section, we will focus only on the even parity modes. For the even parity we focus on the static perturbations. Thus, the perturbations will have no explicit time dependence. After restricting ourselves in these conditions we choose the Regge-Wheeler gauge to fix the even parity perturbation in the following form [45] ,
where, (e) represents even parity sector.
A. Superfluid core
It is simple to calculate the perturbation in the energy momentum tensor. It can be expressed as, δT 0 0 = δΛ and δT i j = δΨδ i j . Using these in the Einstein equation and keeping only the first order of the perturbation, we can find the perturbed metric equations.
From the linearized Euler equation we find,
Staticity implies δµ 0 = δχ 0 = 0. From [22] it is straight forward to show that,
Using Eq. (17), (22) and (23) we find,
Λ is a function of n 2 , p 2 and x 2 . Therefore,
We use the following Einstein equation along with the expression of δΛ to calculate the final perturbation equation,
After some calculation this reduces to,
This is the central equation for the determination of the electric type tidal Love numbers.
It needs to be noted that Eq.(28) contains the coefficients A µν , B µν and C µν which has been evaluated in the equilibrium configuration. The main difference between Eq. (28) and its non-superfluid single fluid counterpart Eq. (15) in the reference [7] is as follows. In case of the normal fluid, it is assumed that the fluid is barotropic in nature. Therefore, it is possible to write δρ = dρ dp δp and substitute it in the perturbed Einstein's equations. For any multi-fluid scenarios, this assumption is incorrect, in general. For this reason, we calculate δΛ explicitly with respect to the fluid and the perturbed metric variables. Due to this, the final equation of even parity perturbation gets modified and so does the response to the perturbation subsequently.
We model the low density region as the one component normal fluid matter. Hence, it is simple to calculate the perturbation in the energy momentum tensor of the fluid. It can be expressed as, δT 0 0 = −δρ = − dρ dp δp and δT i j = δpδ i j . Using these in the Einstein equation and keeping only the first order of the perturbation, perturbed metric equations has been found in several works [3, 6] . The equation is as follows,
We take the initial condition for H (l) in the normal fluid region to be the value of the H (l) at the junction, found by solving Eq. (28) . Then the solution of Eq. (29) gives the perturbation for entire star.
IV. ODD PARITY PERTURBATION EQUATIONS FOR ZERO FREQUENCY
MODE
In this section we discuss the odd parity perturbation of the Einstein equation that will lead to the calculation of the magnetic type love number. The zero frequency limit in odd parity sector is discontinuous, as has been discussed in the Ref. [46] . Keeping this in mind we take time dependent perturbation of metric and finally in the end we take zero frequency limit carefully. After choosing the Regge-Wheeler gauge the metric perturbation (δg
αβ ) can be written as follows,
where (o) represents odd parity.
A. Superfluid core
For the odd parity modes δn = 0 = δp where, δp and δn are the perturbed number density of proton and neutron respectively. If the pertubed velocity of the neutron and proton are respectively δu µ and δv µ then only non-zero components can be written as [36] ,
where U n and U p are two arbitrary functions yet to be determined and P l is Legendre polynomial.
Using the form of the velocity and metric perturbation in the Einstein equation, equation
for the perturbations can be found. The equations relevant for our works are as follows:
A new master function is defined as, ψ = e
. Eq.(33) now can be written as,
We take the time dependence of each mode as e iωt . Putting everything together Eq. (32) can be written as,
After taking the ω → 0 limit the zero frequency equation takes the following form,
This is the central equation for the determination of the magnetic type tidal Love numbers. It needs to be noted that Eq.(36) does not depend on the coefficients A µν , B µν and C µν explicitly. But effect of SF nature enters through the dependence of Λ on x 2 . Due to this, the values of the magnetic Love numbers get modified even though the final equation of odd parity perturbation looks similar to the ones in [3, 46] .
Details of the odd parity equations for normal fluid can be found in Ref. [46] . The final equation is as follows,
We take the initial condition for ψ (l) in the normal fluid region to be the value of the ψ (l) at the junction, found by solving Eq. (36) . Then numerical solution of Eq. (37) gives the solution for odd mode perturbation for entire star.
V. CALCULATION OF THE TIDAL LOVE NUMBERS A. Electric type Love numbers
To calculate the tidal deformability, we solve Eq. 28 numerically inside the NS up to the junction between SF core and NF envelope. Using the junction conditions described in on this can be found in Ref. [3, 4, 7] . Here we focus only on the initial conditions. We integrate Eq. 28 for metric perturbation in core H (l) radially outward from the center using the profiles of the background quantities calculated from TOV equations. For numerical purposes, instead of starting from r = 0, we use a very small cutoff radius (r = r 0 = 10 −6 ).
The initial condition for Eq. 28 around the regular singular point r = 0 can be taken to be H (l) (r) ∼hr l , withh some arbitrary constant. Since this equation is homogeneous and the tidal deformability depends explicitly on the value of y even(l) (= rH (l)′ H (l) ) at the surface, the scaling constanth does not hold any relevance. Therefore, we can choose the starting value for the metric variable as, H (l) (r 0 ) = r at the surface. The tidal Love number k 2 and k 3 then takes the following functional form [3, 4, 7] ,
Expression for dimensionless deformability can be found from Damour etal. to be [3] ,
Since the information of the fluid enters through y (l) | r=R and C, these expressions of k 2 and k 3 are similar to the one fluid formalism. Two-fluid formalism does not change the external solution. It only changes the internal equation of H (l) , resulting in a different value of y (l) | r=R , leading to the change in the value of k l but not their expressions.
B. Magnetic type Love numbers
To calculate the magnetic type tidal deformability, we solve Eq. (36) numerically inside the NS up to the junction between SF core and normal fluid envelope. Then using the junction conditions described in [A 1] we find the initial condition of ψ (l) in the envelope.
Using this initial condition we numerically evolve Eq.(37) up to the surface of the NS.
The tidal Love numbers are calculated by matching the numerical value of ψ (l) found by integration with the external solution of the same equation on the surface of the star. Details can be found in [3] . We will integrate Eq. 36 for ψ (l) radially outward from the center using the profiles of the background quantities calculated from TOV equations. Similar to the calculations of the electric-type Love number, we start from a very small cutoff radius (r = r 0 = 10 −6 ). The initial condition for Eq. 36 near the regular singular point r = 0 can be taken to be ψ (l) (r) ∼ψr l+1 , withψ (l) some constant. Since, this equation is homogeneous in Ψ (l) and the tidal deformability depends explicitly on the value of y odd(l) (= rψ (l)′ ψ (l) ) at the surface, the scaling constantψ (l) is not relevant. Therefore, the starting value for the metric variable can be chosen as, ψ (l) (r 0 ) = r at surface. The tidal Love number j 2 takes the functional form [3] , Expression for dimensionless deformability can be found from Damour etal. to be [3] ,
This expression of j 2 is similar to the one fluid formalism because the information of the fluid enters through y (l) | r=R and C. Two-fluid model does not change the external solution.
It only changes the internal equation of ψ (l) , that gives us different value of y (l) | r=R , leading to the change in the value of j l but not its expression.
VI. RESULTS AND CONCLUSION
In this section, we discuss the numerical results for tidally deformed superfluid NS. At first, we calculate the static equilibrium configurations by solving the TOV equations using realistic EOS. Since only a few calculations are available for the two-fluid system in literature, we choose a RMF type model with scalar self-interaction terms and use NL3 and GM1 parametrizations, as in paper I. We impose β-equilibrium at the center of the star by imposing µ| 0 = χ| 0 to get a set of k n , k p and m * for calculating the central number densities of neutron and proton, energy density (−Λ| 0 ) and pressure (Ψ| 0 ). These quantities are used to solve the Equations (9), (10), (14) and (15), to find the structure of the star and to generate profiles for various background quantities for several different sets of (k n , k p , m * ) that corresponds to the different central energy densities. The maximum mass, we have found to be 2.793 M ⊙ for NL3 and the corresponding radius being 13.34 km. Similarly, for GM1, the maximum mass is calculated to be 2.384 M ⊙ and the corresponding radius is 12.04 km. Details of those parameter sets can be found in Table I . Moreover, for NL3 and GM1 sets, the crust-core transition pressures are 0.2698 and 0.2434 MeV/fm 3 respectively.
The two-fluid and the single fluid TOV integrations are smoothly joined at those pressures.
Here, it is important to stress the fact that, these EOS serve representative purposes only.
After getting the structure of the background, we find the numerical solution for H (l) for entire star using Eq. (28), (29) and the junction conditions described in appendix (A 1).
Using the background profiles mentioned earlier, find y even(l) at the surface of the stars and calculate the electric type Love numbers using Eq. (38), (39) . Similarly we find the numerical solution for ψ (l) for entire star using Eq. (36), (37) and the junction conditions indicates that, more EOSs will be ruled out which are otherwise allowed if we do not consider superfluidity inside the NS. This provides us the opportunity to improve our understanding of the SF nature of the dense matter with better observational data in the future.
We find that the Love numbers are usually larger for two-fluid system. Comer et al. [36] found the existence of several superfluid oscillation mode that cannot be found otherwise in a single fluid star. This nature is very specific to the two-fluid formalism where different fluid mode can appear due to the existence of the two different types of fluid displacements.
Flanagan and Hinderer discussed that the tidal deformation of a star can be thought of as the sum of the deformations arising from different fluid modes that has been excited inside the star, due to the tidal perturbation [6] . Therefore, we can say that, due to the appearance of extra fluid modes in the superfluid stars, we will get slightly larger deformations under tidal perturbation.
It is important to note that when we speak of the deviation of Λ k 2 due to the superfluid nature, we bring an ambiguity in our interpretation of the observed Λ k 2 . Value of Λ k 2 in two-fluid calculation for a particular EOS model can be similar to the value in a single-fluid In our current work we have modeled the NS as a superfluid core with a normal fluid envelope. Crustal physics is encoded in current model via the normal fluid envelope. As there are two layers of fluid in our model, it is necessary to find the junction condition across the boundary. For the purpose of simplicity in this section we will use Ψ as symbol for pressure both in SF core and NF envelope, while we derive the junction conditions. To calculate the junction conditions we take the level surfaces of Ψ. As there are no "deltafunction like" discontinuities in Ψ, the first and second fundamental forms are continuous everywhere inside the star [56] . Therefore, imposing the continuity in first and second form we can find the junction conditions.
The normal to the level surface of Ψ is
The induced three metric (first fundamental form) γ µν is,
The extrinsic curvature (second fundamental form) K µν is defined as follows,
where parentheses implies symmetrization of the indices. Junction conditions will be found from the continuity of γ µν and K µν .
Equilibrium configuration and even parity sector
As we are mainly interested in the perturbation on the background, we write Ψ as follows, Ψ(t, r, θ) = Ψ 0 (r) + δΨ(r, θ).
As a smooth background is constructible even in the presence of perturbation, we assume that the background and the perturbed part of the γ µν and K µν are separately continuous at the junction. We will discuss only those components of γ µν and K µν that are relevant for our purpose, for more details check Ref. [33] . First we consider the components that are useful for the even mode perturbation added to the background quantities. In the zero frequency limit the relevant quantities can be expressed as,
K 00 = ).
With δΨ(r, θ) = δΨ(r)P l (θ) these sets of equations imply,
Ψ 0 (R c ) =Ψ 0 (R c ) (A12)
where, R c represents the radius of the boundary. Physical quantities without tilde represents its value in the SF region just below the junction. A tilde represents the value of the physical quantity in normal fluid region just above the junction.
Odd parity sector
For the continuity of the quantities of the odd mode perturbation we follow the similar procedure. But as has been discussed earlier we consider the time dependent perturbation for that purpose. we find 
